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In this work we address two questions concerning Grover’s algorithm. In the first we give an
answer to the question how to employ Grover’s algorithm for actual search over database. We
introduce a quantum model of an unordered phone book (quantum database) with programmable
queries to search in the phone book either for a number, or for a name. In the second part we
investigate how successful the algorithm can be if the number of elements of the database is not
known precisely. This question reduces to analysis of the distinguishability of states occurring during
Grover’s algorithm. We found that using unambiguous discrimination scheme even a seemingly good
guess, that is close to the optimal one can result in a rather small success rate.
I. INTRODUCTION
Grover’s algorithm [1] is a typical example demonstrat-
ing the power of quantum computation. It is designed to
search within an unstructured database of alternatives.
Although it is used in many different applications and
algorithms of quantum information theory (see e.g. [2]),
we have yet to succeed to find any explicit example how
to use it to search over an actual (quantum) database. In
the first part of the paper we will discuss how to design
a (quantum) phone book and employ Grover’s algorithm
to search within either for a name, or for a number. In
the second part we will investigate how successful the al-
gorithm can be if the number of elements of the database
is not known (precisely). This question is posed as the
analysis of the distinguishability of states occurring dur-
ing Grover’s algorithm.
Grover’s algorithm proves to be quadratically faster
than any (classical) algorithm performing the task and it
was proven to be optimal [3] — there is no quantum (and
no classical) algorithm that would do the task faster. The
speedup in the algorithm is in the number of oracle calls,
i.e. evaluations of functions
fx(y) =
{
1, if y matches x,
0 otherwise.
(1)
This function evaluates, whether element x has property
y (a specific example is Kronecker’s delta which evalu-
ates whether x = y). A set of these indexed functions
{fx}x can be represented by the set of paired elements
(x, y) which define the database D of N = |D| elements.
In this setting the database search is conveniently posed
as a discrimination among the oracles implementing the
functions fx.
For its simplicity we will switch now to the phone book
analogy. If we are given the task of finding the owner y of
the phone number x in the phone book, then the phone
book is used as an oracle in the following sense
fx(y) = Compare{x, Phonebook(y)} , (2)
where the function Phonebook(y) returns the phone num-
ber of owner y and the function Compare(x, x′) ≡ fx(x′)
compares the phone numbers x and x′, returning 1 if and
only if they match. The database search then consists of
the identification of the oracle’s input y returning the
value 1.
For the unstructured database (which we can inter-
pret as a search for the owner of a given phone num-
ber in the phone book) each y is equally likely the cor-
rect one, i.e. the probability of (x, y) ∈ D has the same
probability for all y’s — if this would not be the case,
this prior information would help us search faster in the
database. Therefore, in the classical case the optimal av-
erage number of oracle queries identifying the particular
oracle function is N/2. At this point the phone book is
(typically) alphabetically ordered, thus, the Eq. (2) rep-
resents an efficient implementation of the oracle function.
However, the efficiency of the oracle design is not of in-
terest in the query complexity framework. It is assumed
to be “expensive” in a sense that it requires a lot of re-
sources — either energy, or time to return result that is
independent of implementation. This being constant jus-
tifies the necessity to count only the number of the times
the oracle is used and the complexity of the algorithm is
calculated in the number of oracle calls.
The quantum algorithm discovered by Grover identifies
the oracle in O(
√
N) calls, hence, the ability to discrim-
inate quantum implementations of different oracle func-
tions requires quadratically smaller number of queries
than in the classical case. Without loss of generality we
may assume that both x and y are indexed from 0 to
N − 1, and choose D = {(x, x) : x = 0, . . . , N − 1}. The
quantum oracle is a quantum analogue of the function
(1). In the quantum gate formalism it is implemented as
a gate
Rx = I − 2|x〉〈x|, (3)
with states |x〉 forming an orthonormal computational
basis of the N -dimensional Hilbert spaceHN . This quan-
tum oracle is a special case of a standardly used oracle
Vx|y〉 ⊗ |k〉 = |y〉 ⊗ |k ⊕ fx(y)〉,
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2where k = 0, 1, thus Vx acts on the Hilbert space HN ⊗
H2. Initializing the qubit register in the state |−〉 =
(|0〉−|1〉)/√2 ∈ H2 we obtain Vx|y〉⊗|−〉 = (Rx|y〉)⊗|−〉.
From the construction of Rx in Eq. (3) follows, that for
|y〉 being an element of the chosen computational basis
the states |y〉⊗|−〉 are eigenvectors of Vx with eigenvalue
either one or minus one (if y is the searched for element).
Each call of the oracle from Eq. (3) is in the algorithm
followed by a unitary operation G called inversion about
average which acts as
G = 2|y〉〈y| − I,
where |y〉 = 1√
N
∑
y |y〉 denotes the equal superposition
of all computational basis states.
After m repetitive calls of the unitary evolution Ux =
DRx the initial query state |ψ0〉 = |y〉 evolves into
|ψm〉 = sin (2m+ 1)ω
2
|x〉+ cos (2m+ 1)ω
2
|yx〉, (4)
where cosω = (N−2)/N and |yx〉 = 1√N−1
∑
y 6=x |y〉. We
shall call the states |ψm〉 Grover’s states. Clearly, if the
condition (2m+ 1)ω = pi is met, then |ψm〉 = |x〉, hence,
the search algorithm succeeds — we will mark this (in
general non-integer) “number of steps” with m0. Strictly
speaking, this is possible only for N = 4, when a single
step is needed. In all other cases the condition can never
be exactly reached (for an integer), however, for large N
this does not cause any problems, as the probability
PG = sin
2(2m+ 1)
ω
2
will still be sufficiently close to the unity. The opti-
mal number of steps scales as O(
√
N) and it was shown
[3] that Grover’s algorithm is optimal in sense, that it
reaches the boundary on the number of steps needed to
find targeted element x. For more details on Grover’s al-
gorithm we refer to any quantum computation textbook,
for instance [4].
This paper contains two results on Grover’s oracles. In
Sec. II we look closer at the implementation of the oracle
and uncover a symmetry within the “quantum database”.
In Sec. III we evaluate the quantum search algorithm
with unknown size of the database, which reduces to the
discrimination of quantum states appearing during the
Grover search algorithm.
II. PROGRAMMABLE SEARCH QUANTUM
DATABASE
Let us again switch back to the phone book analogy
where Grover’s algorithm searches over now completely
unstructured phone book. Not only the numbers of own-
ers are disordered, but now, for the sake of the argument,
let also the owners be stored randomly in the phone book.
Such database D consists of N pairs (n,A); n will repre-
sent phone number and A its owner, D1 will be the set
of all the names (persons) in database and D2 the set of
all the numbers. Let us stress that both the names and
the numbers can be repeated and only pairs of them are
unique.
Let us denote by Kn the subset of people having the
same phone number n and by KA the subset of phone
numbers belonging to the person A. Then
RKn = I − 2
∑
A∈Kn
|A〉〈A| ;
RKA = I − 2
∑
n∈KA
|n〉〈n| ,
are Grover’s oracles for searching over the names and the
numbers, respectively.
We now make the key observation for the rest of this
section. It is straightforward to verify that the following
identity holds∑
n∈D1
|n〉〈n| ⊗RKn =
∑
A∈D2
RKA ⊗ |A〉〈A| ≡ R . (5)
Therefore, the unitary gate
R = I ⊗ I − 2
∑
(n,A)∈D
|n〉〈n| ⊗ |A〉〈A| ,
can be understood as the quantum database (oracle) en-
coding the unstructured phone book.
Now we will show how Grover’s algorithm can be em-
ployed to search over such unstructured phone book.
We introduce a programmable quantum query gate (PQQ
gate) allowing us to run Grover’s algorithm to search
either for a name, or for a phone number in a pro-
grammable fashion, i.e. the query is represented by the
choice of the input state of the device and is completely
independent of the PQQ gate containing the information
stored in quantum database R. The PQQ gate is illus-
trated in Fig. 1 and is defined by the following equation
PQQ = S0 ⊗ (I ⊗Gname)R+ S1 ⊗ (Gnum ⊗ I)R , (6)
where Gname = 2|A〉〈A| − I, Gnum = 2|n〉〈n| − I are
the inversions over the respective averages, and Sj =
|j〉〈j| is a classical (can be made also quantum) switch
determining whether the name, or the number is going
to be searched for, respectively. Neither the switch, nor
the quantum database R depend on the particular value
of the database query. The quantum query (program)
|1〉 ⊗ |n〉 ⊗ |A〉 programs PQQ gate to run Grover’s search
algorithm to identify the phone number matching the
name A. Similarly, the query |0〉 ⊗ |n〉 ⊗ |A〉 implements
Grover’s search algorithm to identify the name matching
the phone number n.
In this way we showed, that the programmable oracle,
due to the symmetry (5) provides not only a way how
to search for the owner of a phone number, but also the
other direction — how to search for the phone number
of some owner. Both these searches can be made in time
3O(
√
N) and, recalling that the database R is unstruc-
tured in both items, it provides a quadratic speedup in
both cases.
Moreover, the construction can be expanded by an
additional type of information, e.g. mailing address or
email, but the overall structure remains the same. Sup-
pose we have k possible query tasks. The database D
consists of N distinct k-tuples x := (x0, x1, . . . , xk−1),
the oracle (storing the database) is given as
R = I⊗k −
∑
x∈D
|x〉〈x|,
where |x〉 = |x0〉 ⊗ |x1〉 ⊗ · · · ⊗ |xk−1〉. The PQQ gate is
then integer-parametrized
PQQ =
∑
j
Sj ⊗ (I⊗(j−1) ⊗Gj ⊗ I⊗(k−j))R (7)
when performing task j (knowing all other information
but jth); Gj is the corresponding inversion about average
on register j, Gj = 2|y¯j〉〈y¯j | − I.
Higher degree of free parameters allows also a wider
variety of problems than the one mentioned above which
just serves to fill in the information j while the rest is
known. In general we can be given a smaller subset of
parameters characterizing the element we want to find
in the database (e.g. knowing the phone number and
email, we might want to find the name and address of
the owner). This general case does not differ much from
the previously discussed cases. The initial state is pre-
pared as the equal superposition over the basis states of
all unknown subspaces and as a given choice on the sub-
spaces where the information about the searched element
is known. The PQQ is then similar to Eq. (7) with j in-
dexing the possible types of searches we might want to
perform — the corresponding term in Eq. (7) for given
j will be then Sj tensored with operator having identity
operator I on all the positions the information is known
and respective G on all the positions the information is
unknown to us.
Using the oracle point of view the construction and/or
performance of the quantum database R is not an issue,
however, from application point of view this question (es-
pecially the performance) is of high relevance. Here we
have addresed only one implementation problem: the ac-
tual design of quantum database. The questions related
to writing, or deleteing entries from database we left un-
touched.
III. GROVER’S SEARCH WITH UNKNOWN
SIZE OF THE DATABASE.
The size of the Hilbert space we search for might be
unknown, or not known precisely. It is generally a diffi-
cult problem to decide what the size of the Hilbert space
is, especially when it might be rather large [5, 6]. Having
Grover’s states as resources and being able to choose only
a)
b)
FIG. 1: The programmable quantum query gate performing
one step of the Grover’s algorithm over the phone book, when
searching a) for the name belonging to the number |n〉 or b)
for the number belonging to the name |A〉. Operation R is
independent on the type of query and can be considered to be
quantum database, while operation S is controlled inversion
about average depending on the task performed — 0 triggers
inversion on the name space, while 1 triggers inversion on the
number space.
the number of steps m after which Grover’s algorithm
stops we might therefore not know how close we are to
the optimal number of steps and we want to know how
reliable our results will be. This question can be recast as
a discrimination of quantum states produced by Grover’s
oracles after m uses, hence, the question is how distin-
guishable the states from Eq. (4) are. We will investigate
two extreme variations of the problem: the minimum-
error discrimination optimizing the average success rate
of our conclusions and the unambiguous discrimination
allowing for error-free conclusions while tolerating incon-
clusive outcomes.
Our goal is to find a final measurement optimizing the
associated success rates while keeping the rest of Grover’s
algorithm unchanged. Let us stress this problem is differ-
ent from discrimination of Grover’s oracles, where one is
allowed to design also the test state and to employ ancil-
lary systems and devices in order to optimize the success
rates. In Ref. [7] some results on unambiguous discrim-
ination of Grover oracles are given, stating that the un-
ambiguous discrimination of Grover’s oracles is always
possible. The exact protocols achieving perfect (error-
free) discrimination of Grover’s oracles were investigated
in [8], where it was shown that in order to achieve such
goal the number of queries scales as N − √N with the
size of the database. It achieves better scaling than any
classical algorithm requiring at least N − 1 oracle calls.
However, the quadratic speed-up is in this case lost. As
4far as we know, the oracle discrimination problem is still
open. Grover’s algorithm provides [9] an asymptotic so-
lution to minimum-error case quantifying the number of
queries needed for vanishingly small error.
A. Symmetry of Grover’s oracles
Before we proceed let us note that Grover’s oracles Umx
respect the following symmetry
TUmx−1T
† = Umx ,
where
T =
∑
x
|(x+ 1)modN〉〈x| (8)
is the shift operator with TN = I. The eigenvalues of T
are λa = exp(i2pia/N) for a = 0, . . . , N − 1 and corre-
sponding eigenvectors are
|γa〉 = 1√
N
N−1∑
y=0
e−i
2piay
N |y〉.
This symmetry feature has a favorable mathematical con-
sequence. If we take the initial state of equal superpo-
sition |ψ0〉, which is invariant under the action of T ,
i.e. T |ψ0〉 = |ψ0〉, then the output states |ψx(m)〉 =
Umx |ψ0〉 will respect the same symmetry as the unitary
matrices Umx . In this way, for each step m the Grover
states |ψx(m)〉 = Umx |ψ0〉 form a family of symmet-
ric states satisfying the relation |ψx(m)〉 = T x|ψ0(m)〉,
where |ψ0(m)〉 = Umx=0|ψ0〉. This reduces our discrim-
ination problems to discrimination of symmetric states
{|ψx(m)〉}x being the set of potential output states after
m steps of Grover’s algorithm.
B. Unambiguous discrimination
Let us start with the case of unambiguous discrimina-
tion [10]. In this case, the conclusions made are certain,
hence, the algorithm is exact although it requires an in-
conclusive result. In Ref. [11] a theory of unambiguous
discrimination of (pure) symmetric states is described.
In particular, if we are given a set of N pure symmetric
states |φx〉 = T x|φ0〉 for some unitary operator T (such
that TN = I), then using the result of Ref. [11] we can
evaluate the upper bound on probability of success in
unambiguous discrimination as
Psuc ≤ N min
a
|〈γa|φ0〉|2 , (9)
where |φ0〉 is the test state and |γa〉 are the eigenvectors
of T .
In our case T is given by Eq. (8) and we are to discrim-
inate the states {T x|ψ0(m)〉}x given |φ0(m)〉 = Um0 |γ0〉.
We find
Psuc(m) ≤ N min
a
|〈γa|Um0 |γ0〉|2 ≡ Γ0(m) .
Let us denoty by |γ〉 = 1√
N
∑
a |γa〉 = |0〉 and by
|γ0〉 = 1√N−1
∑
a6=0 |γa〉. Then a single step of Grover’s
algorithm can be expressed as
U0 = 2|γ0〉〈γ0|+ 2|γ〉〈γ| − I − 4√
N
|γ〉〈γ|
= (I0 − I) +
[
(1− 2
N
)I0 − i2
√
N − 1
N
Y0
]
, (10)
where I0, Y0 are Pauli operators defined on two-
dimensional subspace H0 spanned by the vectors |γ0〉,
|γ0〉, thus, I0 = |γ0〉〈γ0| + |γ0〉〈γ0|, Y0 = −i|γ0〉〈γ0| +
i|γ0〉〈γ0|, and I − I0 is the projector onto the orthogonal
subspace H⊥0 . As in the original Grover’s algorithm we
define the angle ω via the identity cosω = 1−2/N . Then
Um0 = (I0 − I) + e−imωY0 .
Using the above form of Um0 we find
Γ0(m) = min
{
| cosωm|, | sinωm|√
N − 1
}
. (11)
The minimized elements of this function (which is the
upper bound on the success probability for unambigu-
ous discrimination) is plotted in Fig. 2 (upper plot).
Since | cosmω| and | sinmω| have exactly opposite mono-
tonicity, it follows that the maximal value (with re-
spect to m) is achieved when they coincide, i.e. when
| cosmω| = | sinmω|/√N − 1. This condition gives us
two solutions m0 and m0+1 when the perfect discrimina-
tion is possible as the Grover’s states become orthogonal.
Also it is not surprising that (in the limit of N →∞) the
success probability approaches 1 for the number of calls
coinciding with the number of calls needed in Grover’s
search. Indeed, at this point different oracles lead to mu-
tually orthogonal quantum states.
Relating to the question we answer in this paper, know-
ing the length of the database (the size of the Hilbert
space) only approximately, an interesting observation is
at hand. If our chosen number of steps m will be the
closest integer larger than the optimal number m0 (we
recall, that m0 is integer only for N = 4) but smaller
than m0 + 1 the unambiguous discrimination scheme can
fail as the minimal term in Eq. (11) will be the cosine
term going to zero. If ωm is close to pi/2 — this happens
when m = m0 + 1/2 — by Eq. (11) the success prob-
ability will be bounded from above by 0 and the search
will be unsuccessful as Grover’s states in this case are lin-
early dependent. This can however exactly happen only
for N = 2 but one can get very close to this point for
large N as well and the success probability can be very
small, as after m0 it drops fast towards zero — see the
lower plot of Fig. 2.
C. Minimum-error discrimination
In the case of minimum-error discrimination the re-
sults from Ref. [12] provide necessary and sufficient con-
5FIG. 2: Illustration (with exaggerated differences — small
size of database with N = 100) of the bound on success prob-
ability for discrimination of Grover’s oracles. The upper plot
depicts the terms in Γ0 over which we minimize, while the
lower plot shows the success probabilities for the different dis-
crimination schemes — unambiguous discrimination (dashed
line) has a dip between optimal number of steps m0 and m0+1
that can lead to unsuccessful discrimination. The minimum-
error discrimination (solid line) does not suffer this problem
and up to the point m0 copies the usual Grover’s success
probability.
ditions for discriminating states, while in Ref. [13] spe-
cific results on the discrimination of states are provided.
Minimum-error discrimination of pure symmetric states
was addressed in Ref. [14], where the optimal success
probability PM was shown to be
PM = |〈ψ0(m)|Ω−1/2|ψ0(m)〉|2 (12)
with
Ω =
∑
x∈[N ]
|ψx(m)〉〈ψx(m)|
= N cos2mω|y〉〈y|+ N
N − 1 sin
2mω(I − |y〉〈y|).
Since |〈ψ0(m)|y〉|2 = cos2mω, from Eq. (12) we find
PM =
∣∣∣∣∣ 1√N cosmω +
√
N − 1
N
sinmω
∣∣∣∣∣
2
.
From this equation we obtain (see also Fig. 2)
PM =
{
sin2(2m+ 1)ω/2, for m ≤ m0 + 1/2,
sin2(2m− 1)ω/2, for m ≥ m0 + 1/2.
Again we may notice perfect discrimination (PM = 1) not
only at m = m0 but also at m = m0 + 1 when the states
would be orthogonal and the minimum-error discrimina-
tion coincides with the unambiguous discrimination. For
choice of m smaller than m0+1/2 the success probability
copies that of the usual Grover’s search, and for m larger
it becomes slightly advantageous. If the choice of m falls
in the region [m0,m0 + 1], in contrast to the unambigu-
ous discrimination scheme where the probability drops
towards zero, we do not have any considerable drop in
probability showing that minimum-error discrimination
is in this sense superior to the unambiguous discrimina-
tion scheme. Furthermore, considering only integer m,
none of the discrimination schemes can be perfect.
IV. CONCLUSION
We have introduced the concept of programmable
search database (see Fig. 1) employing (in a pro-
grammable way) Grover’s oracles to search over an un-
structured databases (like phone book). It enables us
to choose query (either name, or phone number) and
search for its complement (phone number, or name, re-
spectively) from the unstructured database. Because of
the symmetry of the programmable search database for
any query the complexity is the same as for Grover’s
algorithm but offers a lot of flexibility. Moreover, this
construction works also for higher degree of searchable
items (like mailing address, email, etc.). We believe this
note clarifies how the Grover algorithm might actually be
used for searching a quantum database, especially with
more degrees of freedom within which one might want to
search. Although we have not addressed the question of
how the database would be physically constructed, this
note provides an outlook on what one should consider —
the symmetry of the oracle, if implemented, would make
the search more universal.
In the second note we have discussed the perfor-
mance of Grover’s search algorithm when the size of the
database is unknown, but the resources (probe state and
oracles) are available at user’s disposal. We have found
that the measurement point has to be chosen carefully
(even if the guess is almost precise), as in a small range
between the points of perfect discrimination, the suc-
cess probability can drop significantly (see Fig. 2). This
feature holds for unambiguous approach and therefore
minimum error might be favored more if the size of the
database is not known exactly. Minimum-error discrimi-
nation seems to be more practicable as it not only over-
comes the pit near m0 + 1/2 but it also works in the
presence of small errors. Moreover, it might be applied
more easily, as the bound for unambiguous discrimina-
tion can be hard to reach. Finally, as for the number of
steps smaller than m0 it copies the usual success proba-
bility for Grover’s search we see, that the measurement in
the computational basis performs the minimum error dis-
crimination. The unambiguous discrimination, although
very interesting from the theoretical point of view, is to
large extent impractical.
6The two presented notes cover only a small set of di-
rections of interest where only partial results are known.
For example we still do not know what an actual re-
alization might look like — quite possibly it will be a
subroutine in a larger algorithmic application [2]. Other
interesting directions to pursue are geometric analysis of
Grover’s search [15] or quantum searches under decoher-
ence [16, 17].
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